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Goals

» Monodromy of families of varieties
» Examples

» Explicit calculation for a family of cubic surfaces
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An elliptic fibration over P!
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An elliptic fibration over P!

For A € C\ {0,1}:

S ={(w,y) € C? |y = wlw — 1)(w — )}
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An elliptic fibration over P!

For A € C\ {0,1}:

S ={(w,y) € C? |y = wlw — 1)(w — )}

Sy=C=T?
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An elliptic fibration over P!

For A € C\ {0,1}:

S ={(w,y) € C? |y = wlw — 1)(w — )}

Sy=C=T?
O\ —— T {(Ap) [peCr}
P1\ {0,1, 00} A
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C'\ as a ramified cover of P

Sy=A{(z,9) eC* |y’ =x(x—1)(x—A)}  Cr=05\
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Cy as a ramified cover of P!

Sy=A{(z,9) eC* |y’ =x(x—1)(x—A)}  Cr=05\

(o) =Z/22 ~ Cx (x,y)

bl

P! T
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Cy as a ramified cover of P!

Sy=A{(z,9) eC* |y’ =x(x—1)(x—A)}  Cr=05\

(o) =Z/22 ~ Cx (x,y)

P! T
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Cy as a ramified cover of P!

Sy=A{(z,9) eC* |y’ =x(x—1)(x—A)}  Cr=05\

(o) =Z)2Z ~ Cx (z,y)
P! T

Fix(o) = f71({0,1, A, 00})
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Involution on C)

Cx
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P! as a quotient of C)

Cx

IP)I
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Monodromy homomorphism

C)\‘—>E

|

P\ {0,1,00}
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Monodromy homomorphism

Cy —— T p:m (P {0,1,00}) — Aut (H; (Cy; Z))
P!\ {0, 1,00} Monodromy
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Generators of

m (P*\{0,1,00},3) = (a,b)
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Action of the generators

b
(\ox1 oo/\
I
I I -
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Image of p

With respect to our basis of Hy (C);Z):

s =(y 1) ma 0= (5 )
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Image of p

With respect to our basis of Hy (C);Z):

s =(y 1) ma 0= (5 )

hence

)= ( (5 3) (3 1)) BLa@: i) =12
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Spaces of smooth projective hypersurfaces
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Hypersurfaces in P"

f (S (C[$Q,... 7$n]d
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Hypersurfaces in P"

feClxo,....,axnlqg ~ V(f)={zeP"| f(x) =0}
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Hypersurfaces in P"

feClxo,....,axnlqg ~ V(f)={zeP"| f(x) =0}

(n+d

d )71 = {V(f) cP? ‘ fe C[fL'O? .- -,xn]d}
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The complements U, 4

The discriminant variety

n+d> 1

{Singular f} = A, 4 c P("2
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The complements U, 4

The discriminant variety

{Singular f} = A, 4 C p("47)-1

n+d)

Un,d:P( \And
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The complements U, 4

The discriminant variety

{Singular f} = A, 4 C p("47)-1

n+d)

Un,d:P( \And

What can be said about 71 (U, 4)?
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Fundamental group of U, 4

(Lonne) Presents each (U, q) with (d — 1)" generators.
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Fundamental group of U, 4

(Lonne) Presents each (U, q) with (d — 1)" generators.
> 1 (Un,a) = m(P") =0
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Fundamental group of U, 4

(Lonne) Presents each (U, q) with (d — 1)" generators.
> 1 (Un,a) = m(P") =0
> 11 Uns) 2 Z/(n+ 1)Z
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Fundamental group of U, 4

(Lonne) Presents each (U, q) with (d — 1)" generators.
> T (un,l) = 7T1(]Pm) =0
> T (Un2) =Z/(n+1)Z
> T (ul,d) = 1 (Confd(]P’l)) = Bd(S2)
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Fundamental group of U, 4

(Lonne) Presents each (U, q) with (d — 1)" generators.
> 1 (Up1) =m(P?) =0
> T (Un2) =Z/(n+1)Z
> (Ung) =m (Confd(]P’l)) =~ B4(S?)
(Dolgachev-Libgober)

T (Z/f273) = Hs (Z/?)Z) x SLo (Z)

where H3 (Z/37Z) is the Heissenberg group modulo 3.
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The universal family F, 4

un,d f
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The universal family F, 4

un,d f

p: 7'('1(2/[”7(1) — Aut (anl(v(f); Z))
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Monodromy of E,, 4

What is the image of this homomorphism?

p:m1(Una) = Aut (H,_1(V(f): Z))
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Monodromy of E,, 4

What is the image of this homomorphism?

p:m1(Una) = Aut (H,_1(V(f): Z))

(Beauville) Determines these images.

Adan Medrano Martin del Campo Monodromy of Families of Varieties



Monodromy of E,, 4

What is the image of this homomorphism?

p:m1(Una) = Aut (H,_1(V(f): Z))

(Beauville) Determines these images.

» If n is odd:

Im(p) = O} (Ho-1(V(f); Z))
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Monodromy of E,, 4

What is the image of this homomorphism?

p:m1(Una) = Aut (H,_1(V(f): Z))

(Beauville) Determines these images.

» If n is odd:
Im(p) = O} (Ho—1(V(f); Z))
» If n is even:

Im(p) = 4 oP Ho-1(V(/): 2)) if d is even
’ SPO(Hn—1(V(f): Z), qv(y)) if dis odd
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Monodromy of Ej3 3

(Klein-Jordan)

Im(p : 71 (Us.3) — Aut(Ha(V (f); 2))) = W (Ep)
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Monodromy of Es 3

(Klein-Jordan)

Im(p : w1 (Us3) = Aut(Ha(V (f); Z))) = W (Es)

Adéan Medrano Martin del Campo Monodromy of Families of Varieties



Monodromy of Es 3

(Klein-Jordan)

Im(p : w1 (Us3) = Aut(Ha(V (f); Z))) = W (Es)

Automorphisms of the 27 lines in a smooth cubic surface.
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Monodromy of Es 3

Automorphisms of the Schléfli graph.
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Monodromy of Es 3

Automorphisms of the Schléfli graph.
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Families of branched covers
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Ramification over V(f)

YV Xy — Ena {(fip) |pe Xy}

| |

un,d f
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Ramification over V(f)

VH Xy — &g {(fip)|pe Xs} Xy

| | [+

Un,d f 5 V(f)
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The simplest case: Cyclic covers of P!
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Previous example: Degree 2 cover over 4 points

Cy

IP)I
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Cyclic covers of P!

(McMullen) Braid Groups and Hodge Theory
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Cyclic covers of P!

(McMullen) Braid Groups and Hodge Theory

Xp={y*= f(x)} cC? f square free
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Cyclic covers of P!

(McMullen) Braid Groups and Hodge Theory
Xp={y*= f(x)} cC? f square free

(Riemann-Hurwitz)

gx, = 5(d—1)(n ~2)
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Cyclic covers of P!

(McMullen) Braid Groups and Hodge Theory
Xp={y*= f(x)} cC? f square free

(Riemann-Hurwitz)

gx, = 5(d—1)(n ~2)

p: m1(Conf, (C)) = B, — Aut(H'(X; Z)).
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Branched covers over cubic curves in P2
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Degree d = 3 covers

(Hirzebruch) For n = 2

Xy exists <= k| deg(f).
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Degree d = 3 covers

(Hirzebruch) For n = 2

Xy exists <= k| deg(f).
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Degree d = 3 covers

(Hirzebruch) For n = 2

Xy exists <= k| deg(f).
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Degree d = 3 covers

(Hirzebruch) For n = 2

Xy exists <= k| deg(f).
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Degree d = 3 covers

(Hirzebruch) For n = 2

Xy exists <= k| deg(f).
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Monodromy of & 3

V(w* = f) = &3 {(fip)[peV (W’ -f)}

|

S~ —

Uz 3

)
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Monodromy of & 3

V(w* = f) = &3 {(fip)[peV (W’ -f)}

|

Uz 3

S~ —

p:mi(Us3) — Aut(HZ(V(w?’ - f)7))
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Monodromy of & 3

V(w* = f) = &3 {(fip)[peV (W’ -f)}

|

Uz 3

—

p: (U z) — Aut(H*(V(w® — f); 7)) Im(p) C W (Es)
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Monodromy of & 3

V(w* = f) = &3 {(fip)[peV (W’ -f)}

|

Uz 3

—

p: (U z) — Aut(H*(V(w® — f); 7)) Im(p) C W (Es)

(-,-)g2 intersection form

P preserves {

Kx s canonical class
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7,/37 Deck group action

7.)3Z = (T) ~ V(w? — f)

T:[z:y:z:wlre[z:y:z:w w=e73
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7,/37 Deck group action

7.)3Z = (T) ~ V(w? — f)

T:[z:y:z:wlre[z:y:z:w w=e 3

I
2

T*
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7,/37 Deck group action

7.)3Z = (T) ~ V(w? — f)

T:[z:y:z:wlre[z:y:z:w w=e 3
=0 ~ Im(p) C Cw(g(Q)

|Cw (1) ()] = 648

Monodromy of Families of Varieties
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Main theorem

(Medrano Martin del Campo)

Tm(p) = H3(Z/37) x SLa(Z/3Z) = Cyy(1z)(2)-
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A beautiful cubic correspondence:

Lines in X; and inflection points of V(f)
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Tangents at the inflection points of f

V(f)NV(detHess(f)) =I;  |I;|=9
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Tangents at the inflection points of f

V(f)NV(detHess(f)) =I;  |I;|=9

f:z:x fyw fzm
HeSS(f) = facy fyy fzy
fxz fyZ fZZ
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Tangents at the inflection points of f

V(f)NV(detHess(f)) =I;  |I;|=9

f:z:x fyw fzm
HeSS(f) = facy fyy fzy
fxz fyZ fZZ

PEIf
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Tangents at the inflection points of f

V(f)NV(detHess(f)) =I;  |I;|=9

f:z:x fyw fzm
HeSS(f) = facy fyy fzy
fxz fyZ fZZ

PEIf ~ €p:V(keerp)CIP’2

Adéan Medrano Martin del Campo Monodromy of Families of Varieties



3 : 1 line correspondence

p '(€p) = {3 lines through p~*(P)} C X;
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3 : 1 line correspondence

{27 lines in V(u® — )} 225 {tp| Py}
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3 : 1 line correspondence

{27 lines in V(u® — )} 225 {tp| Py}

a € m(Ua,3) ~ Permutation of P € If

~ Permutation of ¢p C P?
~~ Permutation of the 27 lines in V (w® — f)

~ p(a)

Adéan Medrano Martin del Campo Monodromy of Families of Varieties



Computing Im(p)
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Two kind of elements in 71 (Us3)

(Dolgachev-Libgober) Central extension

1— Hg(Z/3Z) — 7T1(Z/[2,3) — SLQ(Z) — 1
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Two kind of elements in 71 (Us3)

(Dolgachev-Libgober) Central extension

1— Hg(Z/3Z) — 7T1(Z/[2,3) — SLQ(Z) — 1

Arithmetic a € H3(Z/3Z)
Geometric  a € SLy(Z)

a € 7['1(2/{2,3) {
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Two kind of elements in Wl(uzg)

(Dolgachev-Libgober) Central extension

1— Hg(Z/3Z) — 7T1(Z/[2,3) — SLQ(Z) — 1

Arithmetic a € H3(Z/3Z)
Geometric  a € SLy(Z)

a € 7['1(2/{2,3) {

p(Ma(Z/3L)) = Hy(Z/3Z) and  p(SLa(Z)) = SLo(Z/3L)
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Generating SLy(Z/3Z) < Im(p)

=922 —(z—2)(z +2)(z — \2) AeC\{£1}
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Generating SLy(Z/37) < Im(p)

=922 —(z—2)(z +2)(z — \2)

4‘+~\ PR I

’ EN ’ -

. .| N
’I 1 N\ 1 \ Y—
1 G ‘I
' 1
\Y ALY 7

A A

. ,' . ‘ /7+

Adéan Medrano Martin del Campo

A e C\{£1}

ctes —1 4 e2mit

‘ti—)l—eth

Monodromy of Families of Varieties



Generating SLy(Z/37) < Im(p)

=922 —(z—2)(z +2)(z — \2) AeC\{£1}

4‘+~\ PR I
e S|t S . 2mit
‘ A . y—:t——-1+e
N _1 ]. 1
1 G .
' 1 .
' R e Yyt 1 —e2mit

(p(7-); p(71)) = (G1, Ga) = SLa(Z/3Z)
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Generating Hs3(Z/37) < Im(p)

The Hessian form

fOWfH:$3+y3—|—23—3;wcyz
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Generating Hs(Z/3Z) < Im(p)
The Hessian form

fOWfH:$3+y3—|—23—3pxyz

H3(Z/3Z) ~ V (w® — fr)
M3(Z/3Z) = (X,Y)  X,Y € PSLy(C)
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Generating Hs(Z/3Z) < Im(p)
The Hessian form

fOWfH:$3+y3—|—23—3pxyz

H3(Z/3Z) ~ V (w® — fr)
M3(Z/3Z) = (X,Y)  X,Y € PSLy(C)

1 0 0 0 0100
0w 0 0 0010
X_00w20 Y_1000
00 0 1 00 0 1
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Generating Hs(Z/3Z) < Im(p)
The Hessian form

fOWfH:$3+y3—|—23—3pxyz

H3(Z/3Z) ~ V (w® — fr)
M3(Z/3Z) = (X,Y)  X,Y € PSLy(C)

1 0 0 0 0100
0w 0 0 0010
X_00w20 Y_1000
00 0 1 00 0 1

(p(X),p(Y)) = (Hi, Hy) = H3(Z/3Z)
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Main theorem

(Medrano Martin del Campo)

Tm(p) = H3(Z/37) x SLa(Z/3Z) = Cyy(1z)(2)-
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